Attention is given to determining the exact natural frequencies and modes of vibration of a class of structures comprising any number of related parallel members that are connected to each other, and possibly also to foundations, by uniformly distributed elastic interfaces of unequal stiffness. The members themselves are considered to have a uniform distribution of mass and stiffness and account can be taken of additional point masses and spring supports. The formulation is general and applies to any structure in which the motion of the component members is governed by a second order Sturm-Liouville equation. Closed form solution of the governing differential equations leads either, to a series of exact substitute systems that are easy to solve through a stiffness approach and which together yield the complete spectrum of natural frequencies and corresponding mode shapes of the original structure, or to simple exact relationships between the natural frequencies corresponding to coupled and uncoupled motion that enable hand solution of the more standard problems to be achieved. An appropriate form of the Wittrick-Williams algorithm is presented for converging on the required natural frequencies to any desired accuracy with the certain knowledge that none have been missed. Examples are given to confirm the accuracy of the approach and to indicate its range of application.
Introduction
The dynamics of a family of simple, but extremely useful structural elements is governed by a second order Sturm-Liouville equation. This equation allows for the uniform distribution of mass and stiffness and enables the motion of strings and shear beams, together with the axial and torsional motion of bars to be described exactly. As a result, each member type in this family has been treated exhaustively when considered as a single member or when joined contiguously to others, e.g. Rao [1] . However, when such members are linked in parallel by uniformly distributed elastic interfaces, their complexity becomes significantly more intractable and it is this class of structures that has led to renewed interest and which forms the basis of the work that follows.
Research in the general area of spring linked members has primarily focussed on flexural beam systems and a substantial volume of work is available in the literature. Since this does not impinge meaningfully on the work that follows, the literature will not be reviewed, except to note an early paper that deals with comparable issues to those developed herein [2] , together with a recent paper that cites a good selection of recent work [3] . In contrast, relatively little work has been undertaken on the class of structures considered below. Perhaps most interest has been directed towards double string systems, which have generated a number of papers [4] [5] [6] [7] , as have problems associated with the longitudinal motion of spring linked bars [8] [9] [10] [11] . In contrast, the torsional vibration problem has seen less activity [12] [13] and there is little evidence of any related work on the motion of beams vibrating in shear. The latter point is particularly surprising for the case when beams vibrate in pure shear, since it is a common occurrence in beams of small aspect ratio or when vibrating at high frequencies [14] .
The theory developed in Section 2 of this paper establishes a unified approach to the exact solution of a class of structures comprising related parallel members of the type described above, that are linked to each other and possibly foundations in a complex way by uniformly distributed elastic interfaces of unequal stiffness. Any number of members can be accommodated, together with any possible combination of allowable boundary conditions.
Initially, differential equations governing the coupled motion of the system are developed from first principles. These are organised into the form of a generalised linear symmetric eigenvalue problem, from which a family of uncoupled differential operators can be established. These operators define a series of exact substitute systems that together describe the complete motion of the original structure. These equations can then be used in either of two ways. In their most powerful form they can be developed into exact dynamic stiffness matrices that enable all the powerful features of the finite element method to be utilised. This subsequently enables sets of members carrying point masses and subject to point spring supports to be analysed easily. Alternatively, the equations are able to yield an exact relational model that links any uncoupled frequency of an original member to the corresponding set of coupled system frequencies. This approach enables 'back of the envelope calculations' to be undertaken quickly and efficiently. It is worth noting in connection with this, that the member theory has been developed in the context of linked shear beams. This leads directly to a practical application of the method in which an approximate analysis can be undertaken to assess the vibrational characteristics of sway frames either linked together or additionally linked to shear cores. This can be achieved using well established simplification procedures that reduce multi-bay, multi-storey sway frames to equivalent one bay frames and then to simpler global models that can often retain sufficient accuracy for preliminary analysis and design procedures [15] [16] [17] . Additional practical applications, including those for the member types listed in Table B1 , include, where appropriate, the analysis of: single members on a distributed elastic foundation; laminated members formed from alternate layers of adhesive and laminate; and structural systems formed from members linked by thin metal plate. Furthermore, it can be demonstrated [18] that using distributed elastic interfaces can yield approximate solutions to good accuracy when the actual connection comprises a sufficient number of regularly spaced, point connections, thus enabling: single members on elastic pad foundations; complex cable or beam trusses; and plane grillages, to be analysed simply and efficiently.
The paper is concluded with a number of examples that confirm the accuracy of the proposed method and indicate its range of application.
Theory

A single set of members
The equation of motion for a typical member, i, in Fig. 1 below and its corresponding constitutive equation are easily shown to be
where q is the shear force, m is the mass / unit length, k is the stiffness / unit length of an elastic interface, G A s is the effective shear rigidity and the subscripts refer to the respective components shown in Fig. 1 
where
L is the length of all members comprising the set, ω is the circular frequency and the remaining upper case characters are amplitudes of their lower case counterparts. It is now assumed that This enables the governing equations for the first (i = 1), last (i = n) and typical members to be written as 0 ) (
respectively, where 2 2 γω λ
and 1 k and 1 + n k can be zero or non-zero in any combination, thus defining the longitudinal boundary conditions in Fig. 1(a) . In addition, it is instructive to consider one further longitudinal boundary condition in which the boundary interfaces, 1 k and Fig. 1(a) are removed and replaced by an elastic interface that connects the first and last members [2] . In order to achieve this, let the effective stiffness/unit length of the new connective interface be c k . Eqs.(7a) and (7b) can then be replaced by 0 ) (
Eqs. (7) and (9) 
where zeros have been omitted for clarity,
for the circulant case and 0 = c k otherwise. Moreover it can be seen that the circulant option is a special case of a more general relationship in which any member could additionally be connected to any other member or directly to a foundation. Such cross-connections can be carried out to any level of complexity and only has the effect of filling out the elastic interface matrix, while leaving the underlying theory unaltered. Eq.(10a) can then be written for any appropriate formulation as
The form of Eqs. (10) is that of a generalized symmetric linear eigenvalue problem, for which a number of standard routines are available for calculating the eigenvalues, λ , and corresponding modal vectors, V .
Substitute systems
The n values of λ that satisfy Eqs.(10) define a family of second order differential operators that satisfy the original problem and which are given by Eq. (8) as
Eq. (11) can be assigned a physical context by noting that it is a property of such differential operators that they can be written as
and hence that 0 ) ( (14) and i V is a typical lateral displacement amplitude. In this case, each equation now describes the free vibration of a single unified member, but supported on a Winkler foundation of different magnitude in each case. Eqs.(13) therefore represent n substitute systems, each of which yield an infinite number of frequencies that, when arranged in ascending order, comprise the complete spectrum of frequencies of the original problem. It therefore follows that the fundamental frequency of the original problem is given by the single substitute system that yields the lowest frequency, namely the one that incorporates the lowest linear eigenvalue derived from Eqs. (10) .
An exact stiffness approach (exact finite element) is now adopted to solve the i th substitute system. Solutions of the form 
Imposing these boundary conditions yields, after some manipulation, the required stiffness matrix for the . There is no requirement for the masses to be the same at each end and the stiffnesses can be assigned any value between zero (free support) and ∞ + (clamped support). The required natural frequencies stemming from each of the n substitute systems can then be converged upon to any desired accuracy using the Wittrick-Williams algorithm, described in Appendix A, which ensures that no natural frequencies can be missed. All the frequencies thus calculated are natural frequencies of the original system and can be arranged in ascending order to cover any frequency range of interest, which will be guaranteed to be fully populated if the highest frequency is bounded above in each of the substitute systems. A general procedure for establishing the corresponding mode shapes is deferred to Section 2.4.
Linked sets of members
The single set of members considered so far is now discretised into any number of sub-sets by cutting all members and elastic interfaces at identical points along their length. The number of members in each sub-set therefore remains equal to the number in the original set, but with each member having a constant, shorter length that can be unequal between sub-sets. Thus it would be possible to reconstitute the original structure by linking sub-sets together side by side. However, each sub-set can now be treated in an identical way to the original set and hence can be modelled as a series of substitute systems that can be described through a stiffness formulation. Thus linking sub-sets is equivalent to linking corresponding substitute systems from each sub-set, i.e. linking the i th substitute system from each set generates the i th extended substitute system, which can be achieved using standard techniques that are well established in the stiffness method of analysis. This results in n extended systems, each of which can be solved independently and each of which now contain corresponding internal nodes. This clearly offers a simple procedure for recovering mode shapes, but more importantly enables point mass and stiffness to be applied at the nodes. Together these features give the ability to model structures that are genuinely complex along the length of the members, while remaining laterally repetitive.
Mode shape recovery
Consider one of the extended systems described above, from which a typical natural frequency has been determined. The corresponding system mode shape can then be generated by any appropriate method, such as that described by Howson [19] . The mode shape of each of the original members comprising the substitute system then share the mode shape of the substitute system, but with different amplitude. The unique member mode shapes can therefore be found by scaling the substitute system mode shape by the corresponding element of the eigenvector stemming from the appropriate linear eigenvalue problem.
Frequency relationships
The theory defined above and its computer implementation in a stiffness formulation is at the heart of the present method. However, a useful frequency relationship that is exact and universally applicable is straightforward to develop.
General
Consider Eq. (11), which defines the governing differential operators for each of the n substitute systems comprising the original problem and let the 
and hence that
Eq. (22) therefore relates any natural circular frequency in one substitute system to its corresponding frequency in any other substitute system.
Hand calculation
Eq.(22) has particular relevance when applied to hand calculation. In this role, practical considerations of time and effort will probably impose limitations on the problems attempted, with the result that its most likely application will be in the analysis of practical, repetitive structures in which all the members are identical with classical support conditions, there are no in-span point masses or point supports and all elastic interfaces are the same with no crossconnections. In such cases, hand solution using the theory below, aided by Table 1 and simple referenced formulae, enable exact solutions to be achieved extremely easily, as described in Section 2.6.2.
Consider Eq.(11) once more when 0 0 = = λ λ i (24) It can be seen that the equation then defines an additional 'substitute system' that yields the uncoupled natural frequencies of a component member. Eq.(22) therefore remains valid when Eq.(23) is modified as follows
In passing, it is interesting to note that the fundamental frequency of the set, 
The process of analysing a complex structure of the type described in Sections 2.1-2.3 can be carried out by following the steps described below. The process is clarified in Example 3.
•Discretise the structure so that the displacement vector will yield a sufficiently well defined mode shape.
•Develop m appropriate sub-sets to satisfy the idealisation.
•For each sub-set:
•Solve the linear eigenvalue problem and store both the eigenvalue and the eigenvector (modal participation vector).
•Develop the n substitute systems.
•Add corresponding substitute systems to form the n extended substitute systems.
•For each extended system:
•Impose the boundary conditions and any other nodal mass or stiffness.
•Solve for the required number of natural frequencies and retrieve the corresponding extended system mode shapes.
•Retrieve the mode shapes of the original members by multiplying the extended system mode shapes by the appropriate components of the corresponding modal participation vector.
•Re-assemble the natural frequencies in ascending order and ensure that those of interest are bounded above in their respective substitute system.
The process below generates all the natural frequencies and corresponding modes of vibration of the single member set proposed in Section 2.5.2, from a knowledge of the uncoupled frequencies of a component member.
•Determine the linear eigenvalues of the set, together with the corresponding eigenvectors (modal participation vectors) if the mode shapes are required. All quantities are easy to determine given a knowledge of n and the simple referenced formulae [2, [20] [21] [22] . This is equivalent to forming the substitute systems.
•Determine the first j uncoupled frequencies of a component member with the given boundary conditions from Table 1. •Substitute the results developed above, together with the value of γ , into Eq. (22), while noting Eq.(25). Calculate the j natural frequencies corresponding to each substitute system.
•For each substitute system frequency:
•Develop the substitute system mode shape from Eq.(16).
•Retrieve the mode shapes of the original members by multiplying the substitute system mode shapes by the appropriate components of the corresponding modal participation vector.
Numerical examples
Three examples are now given that confirm the correctness and accuracy of the approach, while also giving an indication of its range of application. Example 1 and the first problem of Example 2 can be solved easily by hand using the procedure outlined above. Note that the Table 2 , where they are compared with those of Oniszczuk [5] . It is interesting to note in this example, that since there is a line of structural symmetry parallel to the taut strings, the mode shapes can be characterised as either symmetric or antisymmetric about this axis. It can then be seen that the frequencies corresponding to antisymmetric modes are identical to the individual taut string frequencies, since the distance between corresponding points on each string must remain constant during the motion, which is therefore not influenced by the massless interface. Hence 0 . 0
. However, this is clearly not true in the case of symmetric modes. See Appendix B for equivalent taut string parameters. Table 2 : Comparison between the natural frequencies given by Oniszczuk [5] and the presented theory for the parallel string problem of Example 1. The frequencies correspond to either A/S (Anti-Symmetric) or S (Symmetric) modes about the horizontal axis of symmetry.
Modal
No.
Natural frequencies (rad/sec) Oniszczuk [5] Presented , provide cross connection between some of the shafts and a foundation. Table 3 . All shafts are the same and have clamped / clamped boundary conditions. The results are given in Table 4 and clearly demonstrate that individual substitute systems do not yield sequential natural frequencies of the system. Fig. 3 shows a four member, simple shear beam system that is symmetric about a central horizontal axis. All members have the same material and geometric properties, carry the same masses and are supported in an identical fashion. The relevant data are given below. 
Example 2
It is apparent from Fig. 3 that only two independent sub-sets are required to describe the structure, namely one of length 1.6m and the other of length 3.2m. Thus the second sub-set and the data developed from it subsequently must be used twice when establishing the extended substitute systems. The results are given in Table 5 . [24] . A/S and S denote anti-symmetry and symmetry of the mode shape about the horizontal axis of symmetry in the structure. The system frequency numbers are shown in brackets.
Exact natural frequencies (Hz) Presented theory
Howson et al. [24] Extended substitute system no.
A/S S 1 2 3 4
(c) Mode shapes of the original members for two representative natural frequencies computed using the presented theory and the method of Howson et al. [24] . The system frequency numbers are shown in brackets. Section (a) of Table 5 gives the eigenvalues and corresponding modal vectors stemming from the linear eigenvalue problem posed by the two independent sets of members. Section (b) gives the natural frequencies by extended substitute system and the corresponding values computed by the method of Howson et al. [24] . Section (c) considers two representative frequencies and presents their corresponding mode shapes calculated from the appropriate extended substitute system i.e. the first for the lower frequency and the fourth for the higher frequency. These mode shapes then yield the mode shapes of the original members, according to Section 2.6.1, as follows. Consider the extended system mode shape corresponding to 1.24404 Hz. Then the mode shape of original member i is given by multiplying the extended system mode shape by the i th element of the modal vector corresponding to i λ , which is given in Section (a) of the results.
Discussion and Conclusions
Consideration has been given to determining the exact natural frequencies and modes of vibration of a class of structures comprising any number of related parallel members that are linked to each other, and possibly also to foundations, by uniformly distributed elastic interfaces of unequal stiffness. The members themselves are considered to have a uniform distribution of mass and stiffness and their motion is governed by a second order SturmLiouville equation. This encompasses a family of simple, but extremely useful structural elements and enables the motion of strings and shear beams, together with the axial and torsional motion of bars to be described exactly.
The approach adopted considers two forms of solution. The first of these is general and reduces the solution of an n member system to the solution of n substitute systems that together describe the complete motion of the original structure exactly. Each substitute system is described by an exact dynamic stiffness matrix of order two and can be solved simply for any possible boundary conditions using the Wittrick-Williams algorithm, thus guaranteeing convergence upon any required natural frequency to any desired accuracy with the certain knowledge that none have been missed. Furthermore, adoption of the stiffness approach enables the original structure to be dissected into exact finite elements that subsequently enable additional point masses and in-span point supports to be accounted for.
The second form of solution utilises the same theory and with little loss of generality enables a useful range of practical problems to be solved by hand. The process is described in detail for a typical repetitive structure in which all the members are identical with classical support conditions, there are no in-span point masses or point supports and all elastic interfaces are the same with no cross-connections. In such cases, exact hand solution can be achieved easily using simple referenced formulae in combination with an equally simple, but comprehensive relationship between groups of natural frequencies.
Finally, the theory has been developed in the context of linked shear beams. This leads directly to a practical application of the method in which an approximate analysis can be undertaken to assess the vibrational characteristics of sway frames either linked together or additionally linked to shear cores. This can be achieved using well established simplification procedures that reduce multi-bay, multi-storey sway frames to equivalent one bay frames and then to simpler global models that can often retain sufficient accuracy for preliminary analysis and design procedures. 
